Abstract. We consider local non-Gorenstein rings of the form
Introduction and Preliminaries
For a two-sided Noetherian ring R, a finitely generated R-module M is called totally reflexive if Ext i R (M, R) = 0, Ext i R (Hom R (M, R), R) = 0 for all i > 0, and the biduality map, δ : M → Hom R (Hom R (M, R), R) is an isomorphism. These modules were originally called modules of Gorenstein dimension zero [1] and are also known as finitely generated Gorenstein projective modules [8] . The term totally reflexive was introduced in 2002 [3] .
In this paper, we assume all rings to be commutative Noetherian and local. Projective modules, and equivalently free modules, are obviously totally reflexive. We call a nonzero totally reflexive module trivial if it is a projective module. A complex is called acyclic if its homology is zero. A totally acyclic complex is an acyclic complex A whose dual Hom R (A, R) is also acyclic. Recall that over a local ring (R, m) a complex (F, ∂) of free modules is said to be minimal if im ∂ A module T being totally reflexive is equivalent to being a syzygy in a totally acyclic complex of finitely generated free modules. We call this totally acyclic complex a complete resolution of T. The ranks of the free modules in a complete (also free) resolution are called Betti numbers.
Important examples of totally reflexive modules include all maximal Cohen-Macaulay modules over Gorenstein rings. The representation theory of maximal Cohen-Macaulay modules has been well documented, for example see [12] , [13] . Therefore, the class of rings we will be considering are non-Gorenstein. There is a special type of ring element called an exact zerodivisor, see section 3 for details, which plays an important role in the study of totally reflexive modules over nonGorenstein rings. The ideals generated by such elements are totally reflexive modules as well.
It is known from [5] that if a non-Gorenstein local ring (R, m, k) admits one nontrivial totally reflexive module, then there exist infinitely many non-isomorphic indecomposable totally reflexive modules. In addition, if R contains an exact zerodivisor and k is algebraically closed, then for every n ∈ N there exists a family {M λ n } λ∈k of indecomposable, pairwise non-isomorphic totally reflexive R-modules, [4, Theorem 1.4] . This is referred to as having wild totally reflexive representation type.
In [4] and [10] , infinite families of non-isomorphic indecomposable totally reflexive module are constructed, both of which arise from exact zerodivisors. This is done for arbitrary local commutative rings. However, there exist examples of totally reflexive modules which cannot be obtained from these constructions. For example, the rings that are the focus of this paper. For the following class of rings we are able to give a complete description of the isomorphism classes totally reflexive modules via presentation matrices. From this description, we can clearly see that these rings do in fact have wild totally reflexive representation type. Definition 1.1. Let k be a field of characteristic zero and for i ≥ 2 set
These can be easily identified as non-Gorenstein rings by computing the rank of the socle of S i . That is, rank k (soc(S i )) = rank k (ann(n i )) = rank k ((xy 1 , xy 2 , . . . , xy i )) = i ≥ 2. Let M n (k) be the set of all n × n matrices with entries in k. Within the class of rings S i , we are able to prove the following. Theorem 3.6. For i ≥ 2, let TR n (S i ) be the set of isomorphism classes of totally reflexive modules over S i , without projective summands, which is minimal generated by n elements. Then there exists a bijection,
This paper concludes with the proof of this theorem. If
is a minimal free presentation of a module M, then any matrix representing the differential ϕ is called a presentation matrix. Theorem 3.6 follows from the fact, which will be proven later, that every totally reflexive S i -module has a presentation matrix of the form
where B j is an n × n matrix with entries in k, see Theorem 3.2.
Presentation Matrices of Totally Reflexive
Modules over S i
Presentation matrices are not unique. However, over commutative Noetherian local rings finitely generated isomorphic modules have equivalent minimal presentation matrices, see [11, Theorem 4.3] . That is, if Φ and Ψ are minimal presentation matrices of isomorphic modules, then there exist invertible matrices, A, B such that Φ = AΨB −1 . In other words, minimal presentation matrices are unique up to elementary row and column operations.
We have chosen the rings S i since they are a type of non-Gorenstein rings for which we know many facts about their totally reflexive modules, [6] , [14] . Specifically, they are non-Gorenstein local rings with the cube of the maximal ideal equal to zero. In addition, a result due to Yoshino classifies the structure of rings that admit nontrivial totally reflexive modules. 
The module T has a natural structure of a graded R-module. If T has no free summands, then T has only two graded pieces;
There are a few of particularly important facts to note from this theorem stemming from part (f). First, a minimal complete resolution of a totally reflexive module over such a ring would have constant Betti numbers. Hence, any minimal presentation matrix of a totally reflexive module must be square. Moreover, every entry in this matrix would be of a linear form. That is, completely contained in T 0 . This can be seen by noting the grading in the free resolution of T decreases by one at each step. Hence, T has a linear resolution.
In order to continue with our analysis, we need to consider another class of rings. A surjection of local rings ρ : (P, q, k) → (R, m, k) is called a deformation of R if ker ρ is generated by a P -regular sequence. A deformation is called embedded if ker ρ ⊂ q 2 . This situation is often referred to as P being an embedded deformation of R. Finding an embedded deformation of S i will enable us to completely describe the presentation matrices of totally reflexive S i -modules.
2 ) is an embedded deformation of S i , and since x 2 is a regular element of
For the reminder of this paper, we will reserve (Q i , p i ) to denote the ring defined above. 
Description of TR n (S i )
The goal of this section is to consider a free presentation of a totally reflexive S i -module T, S n i ∂ − → S n i → T → 0 and to investigate the possibilities for ∂, as well as the other differentials in a complete resolution of T and be able to give it a standard form.
We begin by first investigating one of simplest examples of nontrivial totally reflexive modules, namely those given by exact zerodivisors. For a commutative ring R, a non-unit s ∈ R is said to be an exact zerodivisor if there exists t ∈ R such that ann(s) = tR and ann(t) = sR. If R is local, then t is unique up to units, and we call s, t an exact pair of zerodivisors. This is equivalent to the existence of a totally acyclic complex
Therefore, the modules sR and tR are totally reflexive.
For the rings S i , we know the form of the exact zerodivisors. . Since ts = 0, we have tR ⊆ ann(s). Now note that the ring S i is also standardly graded, and that {x, y j } j=1,...,i is a basis of its linear elements.
Let f ∈ ann(s) ⊂ S i , so f = αx + i j=1 β j y j + i j=1 γ j xy j , for some α, β j , γ j ∈ k. Since f annihilates s we have 0 = f s = αx i j=1 c j y j + x i j=1 β j y j , since y h y j = 0 for all h, j = 1, . . . i. Since the set {y j } j=1,...,i is part of a basis of the linear elements in S i , we have that β j = −αc j for all j = 1, . . . i. In addition, one can write f as multiple of t. That is,
Therefore, ann(s) = tR. Showing that ann(t) = sR is similar and thus omitted. Therefore, s and t form an exact pair of zerodivisors.
The form of the exact zerodivisors in S i foreshadows our form for presentation matrices of larger totally reflexive S i -modules. Therefore, there must exists at least one value of g for every h such that a gh = λx + i j=1 b j y j with λ = 0. By the use of row and column operations, one can obtain a presentation matrix of T in which there is exactly one entry in each row and in each column that contains an x term, and without lost of generality, choose a gg to be that term. Therefore, there is a presentation matrix of T of the form xI n + i j=1 B j y j where B j is an n × n matrix with entries in k. Proof. Since x 2 annihilates T as an S i -module and
, we can use the construction given by Avramov in [2, 5.1.2] . Since x 2 ∈ Q i is a regular element, multiplication by it is null-homotopic between the free Q i -modules in a Q i -resolution of S i -modules. More precisely, we have the following commutative diagram.
In particular, if we consider ∂ and σ as matrices with entries in Q i , then they are a matrix factorization of x 2 . That is, ∂σ = x 2 I n = σ∂. Note that this holds regardless of choice of a presentation matrix of T. By the previous theorem, T has a presentation matrix of the form xI n + i j=1 B j y j . Let the matrix ∂ = xI n + i j=1 B j y j . In order for ∂σ = x 2 I n = σ∂ to hold, we must have σ = xI n − i j=1 B j y j . Define an infinite complex of free S-modules
, where ∂ and σ are the matrices ∂ and σ, but with entries views as S i elements. We know that the complex A is minimal since we assumed T to be indecomposable, see [2, 5.1.2] . We are now able to prove our main result. Since B and B ′ are in the same isomorphism class, there exist matrices P, Q ∈ GL n (k) such that P (xI n + ). Lastly, it is easy to see that ϑ is both one-to-one and onto.
